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This paper re-examines co-moving sequences of Lorentz reference frames that 
track the motion of accelerated relativistic particles. The composition law that 
follows from the group property of the Lorentz transformation is used to express 
the conditions of any co-moving sequence of frames tracking a particle. A new 
differential equation of change is found that defines entire sequences and selects the 
succession of individual frames within a given sequence. It depends on two angular 
velocities one of which is the velocity of Thomas precession and the other of which 
is an arbitrary angular velocity of transition between adjacent instantaneous frames. 
Two specific examples are considered. In the first, the Fermi-Walker sequence, the 
transformation to pass from one frame to another one centered nearby on the 
particle trajectory is a boost. The resulting sequence precesses in the laboratory 
frame at the Thomas velocity. In the second example, the transformation from the 
laboratory to a frame centered on the particle is a boost at the particle velocity. 
That sequence does not precess in the laboratory but there is now an in-sequence 
precession of passing from one instantaneous frame to the next. Although the 
differential selection equation cannot generally be solved in closed form, two 
approaches to a general solution are offered. A formal integration of the selection 
equation is outlined using the method of time-ordered products of operators. This 
represents a perturbation solution. The effective axis and angle of the rotational 
component of a Lorentz transformation are then introduced and coupled differen- 
tial equations for them are derived. p 1990 Academic Press, Inc 
1. INTRODUCTION 
When a particle has internal degrees of freedom that depend on time, 
investigation of the time dependence is best carried out in the particle’s rest 
frame. If a relativistic particle is accelerating in an inertial frame, its perma- 
nent rest frame is not inertial and transformation of observations in the rest 
frame, back to the laboratory frame, cannot be made by Lorentz transfor- 
mation. To get around that difficulty without bringing in the apparatus of 
general relativity, one introduces, not a single rest frame for the particle, 
but an infinite sequence of co-moving frames. At each instant, the rest frame 
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is a Lorentz frame centered on the particle and moving with it. As the 
particle’s velocity changes to its new value at an infinitesimally later 
instant, observation of the particle is “handed over” to a new Lorentz 
frame centered on the particle and moving with it at its new velocity. All 
reference frames in this paper are assumed to be orthogonal. 
Observation of an accelerated particle can be handed over from its rest 
frame at one instant, to a densely infinite number of rest frames centered 
on it at a later instant. They differ by rotations, improper as well as proper. 
A co-moving sequence is defined by specifying a rest frame at each instant. 
To be useful as an analytic tool, the sequence should possess continuity in 
time. One can think of the origins of successive Lorentz frames sliding into 
and out of coincidence with the particle, each frame being nearly indiscer- 
nible from the most recent one. Figure 1 illustrates a particle trajectory and 
two co-moving rest frames centered on the particle at two closely separated 
instants of time. The motion is viewed in a laboratory-fixed Lorentz frame. 
The use of co-moving sequences to discuss the motion of relativistic 
particles is best known from the work of Thomas [ 11, who found an 
important contribution to the energy of an electron in an electromagnetic 
field with this technique. The precessional motion uncovered by Thomas 
remains a source of interest and stimulation to this day. Informative 
accounts of it have been given by Rowe [2], Jackson [3, Section 11.81, 
and Moller [4, Section 2.81. An interesting recent paper by Belloni and 
Reina [S] discusses Sommerfeld’s approach to Thomas precession. 
The purpose of this paper is to present a new analysis of how co-moving 
AT TIME t + 6t 
LABORATORY 
(LAB) 
FIG. 1. Two successive Lorentz rest frames of a moving particle as seen in a laboratory 
inertial frame. 
526 HARRYGELMAN 
sequences unfold. It differs from other analyses in that it develops a new 
differential equation of selection for the frames within a sequence, that 
follows from the most general, coordinate-independent form of the 
homogeneous Lorentz transformation for inertial frames with arbitrary 
relative orientation and velocity. Section 2 first gives the generalized trans- 
formation relations for velocity and acceleration in this form. The con- 
straints imposed by the group property on the transformation coefficients 
are then used to formulate the conditions of any co-moving sequence. 
These lead to a differential equation of change for the Lorentz transforma- 
tion connecting the laboratory frame and the instantaneous rest frame 
within a specific sequence. It is governed by two angular velocities, the 
velocity of Thomas precession, and an arbitrary angular velocity in the 
instantaneous rest frame of reaching the next frame in the sequence. The 
latter is the parameter that distinguishes different co-moving sequences. 
The equation is alternatively designated as a selection equation. 
Section 3 examines two paticular co-moving sequences. In the first, the 
Lorentz transformation between two consecutive rest frames is chosen to 
be a pure boost at the incremental velocity of the particle acquired during 
the time interval that connects the frames. This choice, similar to the 
Fermi-Walker criterion in general relativity [6, Section 6.51, leads to the 
Thomas precession of the sequence in the laboratory frame. In the second 
sequence, the transformation from the laboratory to the rest frame at any 
instant is chosen to be a boost at the instantaneous velocity of the particle. 
That is, it is deliberately chosen to suppress the precession of the sequence 
in the laboratory. The outcome is that precessional motion is still present, 
but now it is an in-sequence precession seen in each rest frame as an instan- 
taneous angular velocity of reaching the next frame. Section 4 outlines a 
formal integration of the selection equation, which is generally insoluble in 
closed form, using time-ordered operator products. It also exhibits differen- 
tial equations for the effective axis and angle of the rotation part of the 
Lorentz transformation. 
2. DERIVATION OF THE SELECTION EQUATION 
Consider a particle accelerating along a trajectory. Figure 1 shows a 
laboratory-based Lorentz frame S in which the trajectory is observed. At 
an instant denoted by t, the origin of the Lorentz frame S’ is centered on 
the particle and moving with it. For arbitrary relative orientation and 
velocity of S’ in S, the Lorentz transformation between the frames can be 
expressed by 
c At’ = y(c At - fl. Ar), (la) 
Ar’ = I- (Ar - flc At). (lb) 
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In this form, arbitrarily designated the “forward” transformation, cb is the 
velocity of S’ (and the instantaneous velocity of the particle) in S, At, and 
Ar are the time and space intervals, respectively, between a pair of events 
observed in S, At’ and Ar’ are the corresponding intervals observed in S’, 
I is a spatial dyadic connecting intervals in S and S’, and c is the speed 
of light. The reverse form of the transformation is expressed by 
c At = y(c At’ -a. Ar’), @a) 
Ar = Tt . (Ar’ - ac At’), (2b) 
where ca is the velocity of the laboratory observed in S’, and the dagger 
denotes the conventional transpose of a dyadic or matrix, rather than the 
Hermitian conjugate usually meant by the notation. The spatial dyadics 
and the frame velocities obey the relations 
I-.p+ya=o, 
T+.a+yp=O, 
(3a) 
(3b) 
and the “orthogonality” conditions 
r+.r=(I-BB)-'=I+y288, (4a) 
r.r+=(I-aa)p1=I+y2aa, (4b) 
where I is the unit dyadic in three dimensions. The quantity ;J is defined by 
the usual expression 
y2= l/(1 -/P)= l/(1 -2) (5) 
where a and 0, although comprised of different components in their respec- 
tive frames, have the same magnitudes. The Appendix gives a critique of 
this realization of the Lorentz transformation. 
The relation between any velocity v = dr/dt, observed in S, and v’, 
observed in S’, is 
dr’ r.(~-~p) 
v'=;i;;=y(l -p.v,c)' 
This generalizes the usual rule for addition of velocities. The transforma- 
tion of acceleration is more tedious but still straightforward. For accelera- 
tion a = dv/dt in S, and a’ = dv’jdt’ in S’, it is 
dv’ r.[(l-~.v/c)I+(v-cp)p/c].a 
“=rlt’= y2(1 -Il.v/c)3 
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Relations (1) through (7) are true for observations between un~’ pair of 
inertial frames; it is immaterial that s’ is instantaneously moving with a 
particle. The transformation of the particle’s acceleration between the 
laboratory frame and the instantaneous rest frame is of particulair interest. 
Choose v to be cfi. This makes v’ vanish and gives for a’ the simple 
expression 
a’ = y2T a, (8) 
where a and a’ are now the particle acceleration in in S and S’, respec- 
tively. 
The selection equation is derived from the composition law of the 
Lorentz group that the transformation from an initial frame to an inter- 
mediate frame, followed by a transformation from the intermediate frame 
to a final frame, is equivalent to a transformation from initial to final frame 
with no intermediary. Figure 1 shows a third frame, S”, centered on the 
particle and moving with it at a time t + 6t as observed on the clocks in S, 
where St is a small interval. Let S” have velocities CD’ in S’ and CD” in 
S, spatial dyadics I?’ and r” for the forward transformations from S’ and 
S, respectively, and let ca’ and ca” be the respective reverse velocities of 
S’ and S, as seen in S”. For the composition sequence S-+ S’ + S”, with 
S’ as intermediary, the composition law for any size of the time interval 
leads to the four conditions, 
y” = yy’( 1- p’ . a), 
jq” = y’(yfl +I-Y r 1, 
~“a” =Y(Y’~’ + r’ . a), 
r” = r’ . r - ~fdfl, 
Pa) 
(9b) 
(9c) 
(9d) 
where y’ and y” are given by Eq. (5) with substitution of the appropriate 
velocity. 
An immediate consequence of the composition law in this form is that 
the spatial dyadic for an arbitrary transformation factors into a product of 
a rotation dyadic and the dyadic for a pure boost. For if the intermediate 
frame is co-original with either the initial or final frame and moves with it, 
then the last term on the right in Eq. (9d) vanishes and one of the factors 
in the first term is an arbitrary rotation dyadic R. The remaining dyadic is 
also arbitrary and can be chosen to be any convenient one, like the dyadic 
rh for a pure boost, 
2 
r,=r+- )y+, tw (10) 
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If the intermediate frame is at rest in the final frame, then the factorization 
of I, for example, is 
I-=R.T,,, (11) 
where the boost to axes parallel to the initial frame’s is carried out first. 
The opposite order is also possible but is not needed in this paper. For 
later reference, the inverse of the boost dyadic is, 
rh ‘=I-’ ,; 1 fw (12) 
The change in the spatial dyadic of the Lorentz transformation from S 
to S’ as S’ gives way to S” in Fig. 1 is now calculated from the composition 
law (9d). The time interval St’ in S’ corresponding to the interval St in S 
is 
St’ = (St)/p (13) 
The transformation from S’ to S” can be represented as a boost followed 
by a rotation, and the spatial dyadic follows the recipe (11). The velocity 
of S” with respect to S’ is the incremental velocity 6~’ in S’, acquired by 
the particle during the time interval St’. It is given by 
Sv’ = a’&’ = y(r. a) St. (14) 
To the first order of small quantities, y’ is unity and the boost portion of 
I’ is the unit dyadic. Then for continuous transformations, I’ is the dyadic 
of a rotation by an infinitesimal angular amount S$’ about an arbitrary 
axis in S’ designated there by a unit vector m’; 
r’=I-St)‘m’xI. (15) 
The minus sign between terms on the right side of this equation is 
appropriate for passive rotations. The reverse velocity vector a’ is 
calculated from Eqs. (3a) and (15). To first order, it is 
d=fd= -r'. (W/C)= -?(r. a)(fit)/c, (16) 
since to that order, y’ is unity. If the change, 6I, of the spatial dyadic is 
defined as r” - I, then Eq. (9d) gives for this change 
6r=y2(r. a)fl(Gt)/c-6fm’x r. (17) 
In this equation, the cross product on the right has the component 
representation 
(m’x r)jj~~,pym~ryj, (18) 
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where the subscripts are spatial-axis labels running from 1 to 3, a repeated 
index is summed over its range, and s is the Levi-Civita symbol, com- 
pletely antisymmetric in its indices. In Eq. (18), m’ can be any vector, not 
just a unit vector. Equation (17) is an expression for a change along a 
trajectory, not an exact differential of the dyadic. The selection equation 
for r is the result of dividing Eq. (17) by 6t and letting 6t approach zero. 
Denoting by o’ the instantaneous angular velocity in S’ of passing between 
successive co-moving frames, 
0’ = (d$‘/dt’) m’. (19) 
the selection equation is 
dr y*(r.a)fl o’xr 
z-= c 
-- 
“/ 
(20) 
The total derivatives in Eqs. (19) and (20) connote directional derivatives 
along the trajectory. 
The critical component of the spatial dyadic is the rotational part since 
the boost is determined at each instant by the particle velocity whereas the 
rotation is not completely determined by the particle’s kinematics. It is 
useful to convert the selection equation for the spatial dyadic into one for 
R alone. Upon inserting the factorization (1 l), multiplying from the right 
by the inverse of the boost dyadic, and rearranging terms, one arrives at 
dR 
dt=R. 
y*(r,.a)fl dr, ,r , o’xR 
I 
-- 
i’ dt h ‘r” (21) 
The form of the last term on the right of this equation comes from the 
calculation 
(dXr)q I= (dxl).R.r,.r, ~=w’xR. (22) 
The directional derivative of the boost dyadic can be evaluated by differen- 
tiation of Eq. (10). It is 
drb Y2 -- 
dt 47 + 1) 1 
Ba+aB+;iii+:2)(BI)pfl], 
where dfl/dt is a/c. The coefficient of R in the first term on the right side 
of Eq. (21) can now be evaluated with the help of Eq. (23) for the 
derivative, and Eq. (12) for the inverse, of the boost dyadic. After tedious 
algebra and a few miraculous cancellations, the coefficient is 
(24) 
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where o is a vector to be determined and the right side of Eq. (24) is a 
valid representation of the left side because both sides are antisymmetric 
dyadics. The component representation of the cross product on the right 
side is a special case of the representation, 
(R x o)ii- Ri~+,~,,, (25) 
when the components of R are the Kronecker delta symbol. To find the 
vector o, write Eq. (24) in component form for, say, the components (i, j). 
Then multiply the resulting equation by cjP, and sum on the indices i and 
j. From the identity for the Kronecker delta symbol 6,,, 
2dpq E Eipi”iy/r (26) 
and the definition of the cross product of two vectors, the vector w is found 
to be 
Y2 
-%=c(y+ 1) (ax IQ (27) 
and is written with subscript T because it is identical to the angular 
velocity of Thomas precession [3, Section 11.81. The selection equation for 
R now becomes 
dR w’ x R 
dt= -RxoT-- Y . (28) 
The behavior of the rotation component of the spatial dyadic is governed 
by two angular velocities. One, the velocity of Thomas precession, is com- 
pletely determined by the linear velocity and acceleration of the particle 
whose motion is being tracked. The other is an arbitrary angular velocity 
in the instantaneous rest frame and must be specified to fix the co-moving 
sequence uniquely. The equation then selects the individual co-moving 
frames in the chosen sequence. The reason the velocities in Eq. (28) appear 
on opposite sides of the rotation dyadic is that the Thomas velocity per- 
tains to the laboratory frame while the other pertains to the instantaneous 
rest frame. 
To better envision a co-moving sequence, imagine that a finite portion of 
the trajectory has been run out. Figure 1 should then be thought of as a 
time-lapse photograph of the trajectory, rather than an instantaneous 
snapshot of the particle. The Lorentz frames centered at different points on . 
the trajectory are the instantaneous rest frames when the particle occupies 
those locations. Each frame moves at constant velocity however, and 
moves away from the trajectory with time. The rest frames on the trajec- 
tory are different frames, not successive locations of the same frame. The 
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change in time of a spatial dyadic or its rotation component refers to the 
change as one moves from point to point on the trajectory, parameterized 
by time, and from dyadic to dyadic, rather than to the change in time 
of a single dyadic. In this sense, the time derivatives are directional 
derivatives. 
3. SPECIAL CO-MOVING SEQUENCES 
The simplest choice of co-moving sequence is the one in which the trans- 
formation from S’ to S” is a pure boost. For this choice, the angle Sic/’ is 
zero and the angular velocity o’ is null. This choice is similar to the 
Fermi-Walker criterion [6, Section 6.51 and the sequence can be called the 
Fermi-Walker sequence. For it, the selection equation (28) describes 
precession at the Thomas angular velocity. The co-moving sequence, 
defined internally so that there is no rotation in the instantaneous rest 
frame, must precess in the laboratory frame at the Thomas velocity to 
satisfy that sequence. To see that the selection equation does then indeed 
describe Thomas precession, set w’ to zero in Eq. (28) and take the dyadic 
transpose of the resulting equation. The transpose of the right side is 
oTx Rt so that the transposed selection equation is 
dR+ 
-=oyx R+. 
dt 
(29) 
This is the equation of motion of the dyadic of an active rotation, like the 
rotation of a rigid body, in the laboratory frame at the Thomas angular 
velocity. The passive counterpart of such a dyadic then describes rotation 
of a reference frame, or a sequence of frames, in the laboratory at that 
velocity. 
In the Fermi-Walker sequence, observers in the instantaneous rest frame 
select the boost as the Lorentz transformation to the next rest frame. 
Observers in the laboratory frame then merely calculate the observed effect 
of a choice made elsewhere. Suppose that, instead, observers in the 
laboratory frame choose the next particle rest frame and that the choice is 
designed to annul the precession in the laboratory. To do that, observers 
there must choose the co-moving sequence so that the time derivative of R 
is zero for any location of the particle on its trajectory. That requires R to 
maintain its value R(t,) at an initial instant t,, all along the trajectory. 
Setting dR/dt to zero and R to R(t,) in Eq. (28), and solving the ensuing 
equation for o’, the result 
o’= -yR(t,).o,, (30) 
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is found for the choice of the angular velocity in S’ needed to annul the 
precession in S. [The solution follows from Eq. (46) below when R is set 
to R(t,) and the left side to zero.] It is helpful to express Eq. (30) in terms 
that refer to S’. For a boost from the laboratory frame, so that R(t,) is I, 
evaluation of the cross product in Eq. (27) using Eq. (8) and the expression 
(12) gives 
(31) 
where the fact that fi is -a for a boost has been used. Equation (30) now 
becomes 
w’-L( 
47 + 1) 
a’ x a). (32) 
This result says that suppressing the precession in the laboratory frame 
simply makes it reappear within the co-moving sequence that tracks an 
accelerated particle. The velocity described by Eq. (32) represents the 
amount by which the next instantaneous frame has to be rotated with 
respect to the present one so that the present rest frame always appears 
boosted with respect o the laboratory frame. 
If the particle has a magnetic moment that is precessing about an exter- 
nal magnetic field in its rest frame, its motion is augmented by the 
in-sequence precession. The Fermi-Walker sequence is the preferred one 
within which to investigate the motion of internal degrees of freedom 
precisely because there is then no competing in-sequence precession. 
4. TOWARD A GENERAL SOLUTION OF THE SELECTION EQUATION 
The selection equation for R does not appear to be solvable in closed 
form except for special choices of o’ and a few specific particle motions. 
This section outlines two approaches to a general solution. The first is a 
formal integration using the method of time-ordered operator products and 
is actually a formal summary of a perturbation procedure. The second uses 
the method of the effective axis and angle of a rotation and replaces the 
differential equation for R by coupled differential equations for the axis and 
angle. No attempt is made to solve those equations. 
Define the dyadics A and B by 
ArIxo,, Wa) 
BryP’o’xi. (33b) 
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Then Eq. (28) may be written 
dR 
X+B.R= -R.A. (34) 
Define a new dyadic P and a dyadic integrating factor ~1 related to R by 
R-p.P, (35) 
and choose p to be determined by the initial value p(to) and the differential 
equation 
$+B.p=O. (36) 
Then P is determined by its initial value P(tO) and the differential equation 
dP 
z+P.A=O. 
The formal solution to Eq. (36) may be written 
(38) 
The exponential operator in this solution is a summary of the infinite series 
expansion in terms of the dyadic operator argument. The kth term in this 
series can be written as a k-fold multiple integration in which the individual 
non-commuting operator factors B are time-ordered so that the time 
arguments increase from right to left. The sign subscript in Eq. (38) denotes 
that ordering. The model for this form of the solution is the time develop- 
ment operator for states in the Schroedinger picture of quantum mechanics 
[7, pp. 13661451. Similarly, the formal solution to Eq. (37) can be 
expressed as 
P(,)=P(f,,)-exp[ -jilA(r.)rlt’] , (39) 
where the sign subscript now denotes the time ordering in which the 
operators A in a term of the series expansion of the exponential are in 
the order of increasing time arguments from left to right, the reverse 
of the order in Eq. (38). The formal integration of Eq. (28) is the product 
of the dyadics in Eqs. (38) and (39) with the initial value R(r,) defined as 
R(b) = P(&) .P(kJ (40) 
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For the simplest motions, for example, those for which oT is time-inde- 
pendent, and the choice of time-independent o’, the exponential operators 
in the formal double series expansion have a simple trigonometric represen- 
tation. (See Eq. (47) below.) 
If an equivalent single angular velocity, Q, can be found that drives R 
according to 
(41) 
then it is related to w, and o’ by 
Rx~=Rxxo,+yhdxR. (42) 
In component form, this equation is 
sz,RikE,kn=W!,T’RlkEjkn+ Y- ‘WLRk,Eink, (43) 
where the “Thomas” designator T has been placed in a superscript so it 
does not interfere with the spatial indices. Now multiply this equation by 
R, and use the orthogonality conditions, 
RpjR/cj= CR), (Rt),/c=Ipk=dpk, (44) 
Ri/cRpjEkjn = Eipk Rkn, (45) 
where conditions (45), the second orthogonality conditions [S] follow 
from the orthogonal transformation properties of the vector product of a 
frame’s basis vectors. Multiply the resulting equation by sip, and use 
Eq. (26). One gets 
Q=o.+y-‘R+d. (46) 
No matter how the orientation of a frame, s’ say, at a given instant may 
have evolved, it could have evolved as a single rotation from its initial 
orientation, by the equivalent angle x(t) about an equivalent axis whose 
direction is denoted here by the unit vector n(r). In this characterization, 
the representation of R is 
R(t)=1 cos x(t)-n(t)xIsinx(t)+n(t)n(t)[l-cost]. (47) 
It can be shown [9] that in the axis-angle characterization, $2 is repre- 
sented by 
CL=n$+$sinX+nx$(l-cosx). (48) 
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Coupled differential equations for the effective axis and angle can be found 
by inserting these representations into Eq. (46) and operating on the result, 
in turn, with scalar multiplication by n, vector multiplication from the left 
by n, and vector multiplication from the left once more by the same vector. 
Algebraic solution of the set of equations that follows from this process 
leads to 
(@a) 
dn 
-= -inx [o,+nxo,cot(x/2)], 
dt 
(49b) 
where the equivalent angular velocity, w,, is defined by 
w,=w.+y ‘(w’cosX+nxw’sinX) 
=Q-y ‘w’.nn(l -cosx). (50) 
Although Eqs. (49) are a constructive step toward a general solution for 
R, they, like Eq. (28) which they replace, do not appear to be solvable in 
closed form except in the simplest cases. For example, if Eq. (32) is obeyed, 
the effective angle is constant. This conforms to the special solution that 
suppresses rotation of the co-moving sequence in the laboratory frame. 
APPENDIX:THREE-PLUS-ONE REALIZATION 
OF THE LORENTZ TRANSFORMATION 
Although the symmetrical four-dimensional form of the Lorentz transfor- 
mation is preferred because of its conciseness and compactness, there are 
occasions when it is advantageous to use a form that retains separate iden- 
tities for time and space intervals. Equations (1) and (2) are such a form 
and Eqs. (3) and (4) are the space-time orthogonality relations among the 
transformation coefficients expressed in this three-plus-one realization. All 
Lorentz transformation properties are obeyed by this form. The most 
important ones are: 
(1) The relative dilation of the period of a clock at rest in S and 
observed in S’ is the same as that of a clock at rest in S’ and observed in S. 
(2) The relative contraction of a rod at rest in S and observed in S’, is 
the same as that of a rod at rest in S’ and observed in S, if the rods make 
the same angle with respect to the relative velocity in each of their rest 
frames. 
(3) The usual relativistic line element between pairs of events is 
preserved by the transformation. 
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(4) The four-dimensional matrix of the continuous transformation is 
unimodular. 
(5) The full set of transformations forms a group. 
The group property is used in the main body of the paper. The other 
properties are readily verified. For a clock at rest in S’, the event interval 
for a period measurement obeys Ar’ = 0. The proper period z0 is related to 
the period 7 observed in S by r = 70~. The same result is found by letting 
the clock be at rest in S and performing the moving measurement in S’. 
For a rod of proper length D, at rest in S’ and making an angle 0 with 
respect to the velocity of S, the length in S is assigned by noting the 
simultaneous endpoints there, so that At = 0. If the rod endpoints at the 
measurement events are Ar and Ar’, then with the help of Eq. (4b), 
Ar=rm’.Ar’=~t~(I-aa).Ar’. (A-1 1 
The length D observed in S is, again with the help of Eq. (4b), related to 
D, by the result 
D2=(Ar)2=(Ar’)~(I-aa)~(Ar’)=(sin2~+y~2~os2~)D~. (A-2) 
This is the same result as for a rod at rest in S making the angle 8 with 
respect o the velocity of S’ and says, not surprisingly, that the component 
of length along the relative velocity is contracted, while the component 
perpendicular to the velocity is not. 
It outline, the calculation to establish the invariant line element is 
(c At’)* - (Ar’)’ 
=y2(cAt-j3~Ar)2-(Ar-~cAt)~~t~~~(Ar-~cAt) 
= y*( 1 - /!‘)(c At)* - y*(c At)[fl Ar - fi. Ar + Ar . b - Ar . fi] 
+y*[Ar.fifl.Ar-Ar.fifl.Ar]-(Ar)*=(cAt)*-(Ar)*, (A-3) 
where Eq. (4a) is used for the dyadic product. The unimodularity property 
of the full transformation is readily established by direct calculation in a 
particular orientation, say, the familiar one in which the relative velocity 
coincides with common coordinate axes of the initial and final frames. 
Some insights into the Lorentz transformation are more evident in the 
three-plus-one form than in the four-dimensional version. For example, 
that the transformation does not preserve length is already well known 
from the Lorentz contraction phenomenon. That it does not preserve the 
angle between two spatial segments is often overlooked. The two properties 
are manifest in the relations (4) which say that the spatial dyadic is neither 
orthogonal nor conformal. 
409:145,2-17 
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References to the three-plus-one realization mainly consider the boost in 
an arbitrary direction. Moller [4, Section 2.41, touches briefly on the 
generalization to arbitrary relative orientation in that realization and is 
perhaps the only relativity author who does so at all. Schwartz [lo, 
Section 3341 discusses the generalization but uses a four-dimensional 
realization. 
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